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Abstract The aim of this paper is to illustrate the central
role of concepts based on mathematical models in decou-
pling components and modularizing software systems. As
systems scale in terms of the number of components and
the inherent complexity of a given domain, the ability to
formally state concepts precisely and concisely in terms of
mathematical models and develop alternative components
to realize these same concepts becomes increasingly im-
portant. This paper describes in detail a component-based
case study in which all components are built for reuse and
have interface contracts that specify concepts formalized via
mathematical models. The paper outlines a component-based
software engineering case study that brings together a num-
ber of novel, model-based concepts, each with formal inter-
face contracts and alternative component implementations.
The concepts, components, and the system are set up to be
amenable to automated, modular verification.

Keywords components - contracts - mathematical model-
ing - modular design - reuse - verification

1 Introduction

While the need for well-engineered component-based soft-
ware in improving software productivity and quality is widely
acknowledged, the benefits are significantly enhanced if the
engineering is performed in a model-driven fashion. While
such models are often application (and domain)-specific, this
paper extends these principles to reusable concepts that can
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be described precisely using mathematical models which en-
hance generality and applicability, facilitate alternative com-
ponent implementations with varying performance behav-
iors, and most of all, serve as the basis for formal analy-
sis that can lead to automatically verified components and
component-based software.

The paper presents a case study involving a variety of
novel concepts. The concepts presented are all generic, and
each is explained with a formal interface contract that uses a
precise mathematical model to specify functional behaviors.
Unlike contracts that are often tightly coupled to the partic-
ulars of the implementations/code they attempt to describe,
the contracts here are abstractly described via purely mathe-
matical models, and are therefore devoid of implementation
bias.

The contracts describing the concepts hide not only what
structures are used in underlying computations, but also when
such computations take place. Consequently, each concept
described in the paper is shown to have a host of compo-
nent implementation possibilities. Though not a focus of this
paper, the conceptual models presented can be extended to
specify non-functional performance behaviors of alternative
component implementations.

A key feature of the components described in the paper
is that each one is typically implemented by assemblies of
other concepts and components. This layered construction
is crucial for enabling formal and automated modular anal-
ysis of component-based software, one component at a time
[22]. To facilitate automated analysis, the component imple-
mentations are annotated with internal assertions, such as
invariants.

The overall contribution of this paper is that it shows the
benefits of model-based engineering of component-based soft-
ware with a non-trivial case study involving a host of con-
cepts, described using mathematical models and component
assemblies—all of which are amenable to automated analy-
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sis and verification. The rest of the paper is organized into
the following sections. Section 2 presents the overall archi-
tecture, showing the relationships among the artifacts in-
volved in the case study. Section 3 presents summaries of
concepts, their mathematical models, and a variety of in-
terchangeable component assemblies for each. Sections 4
through 6 illustrate the development of one novel concept in
detail, including a mathematical theory built to simplify and
abstract the concept’s description. Section 7 contains work
most closely related to the case study and a summary.

2 Overview of a component-based case study

To illustrate the notion of formulating generalized concept
interfaces from specific examples, and to better explain the
role mathematical modeling plays in engineering such con-
cepts and their component-based implementations, this sec-
tion considers a well-known optimization problem in the do-
main of graph algorithms:

— An algorithm to find a minimum spanning tree in a (con-
nected), edge-weighted graph.!

Unlike the algorithm which is coupled to a particular
data structure to solve one specific problem, the generaliza-
tion of the problem yields a reusable concept that is:

— Generalized so that optimization is based on some gen-
eral function of edge information.

— Modeled so that it allows for incremental delivery of
edges of interest, and extraction of a subset of minimum
spanning edges (including, of course, the entire set).

— Designed so that it is suitable even when the input graph
is not connected (in which case the solution is said to be
a minimum spanning forest).

The generalization of weighting based on edge informa-
tion allows possibilities such as, for example, traffic times
in a graph of streets to be affected by a variety of factors
like geography or weather conditions—rather than just dis-
tances. The key notion of incremental construction is mo-
tivated by efficiency, generality, and reuse concerns [26]:
for example, there are many applications in which clients of
such an interface might not wish (or need) to process/obtain
all edges of the resulting spanning forest, such as when a
fixed total threshold bound can be met. The importance and
utility of such a concept being able to scale to the problem of
unconnected networks, thus producing forests as solutions is
obvious—thus the resulting interface contract design for the
concept should accommodate these considerations. We term

! Informally, a minimum spanning tree is defined to be a subset of a
graph’s weighted-edges such that all vertices are connected with mini-
mum total weight.

this reusable concept a Spanning Forest _Finder and
discuss it in the next subsection.

A layered, component-based architecture using a vari-
ety concepts to realize a solution to spanning forest find-
ing problem is given in Figure 1. For this solution, the fig-
ure shows the use of two other concepts: one that captures
the idea of connectivity, and one that captures the idea of
prioritization. Solutions to the prioritization problem intro-
duce yet another layer that utilizes a new spiral like con-
cept. While the remainder of this section is largely reserved
for discussion of the mathematical modeling of the span-
ning forest finding concept, we also summarize the mod-
els of additional concepts instantiated and used in the con-
text of Kruskal-based implementation. Finally, discussion of
the spiral component (appearing in layer 3) is given special
treatment later on in section 4, and is therefore is best exam-
ined after prioritization is discussed.

Together, the concepts illustrate the central role of a range
of mathematical models, including common ones, such as
graphs and multisets, to occasionally new, more exotic ones,
such as spirals. The models make it possible to flexibly de-
fine formal interface contracts that facilitate automated anal-
ysis and verification.

2.1 Layer 1: A concept for building minimum spanning
forests

An interface contract for the spanning forest concept is shown
in listing 1 in RESOLVE [22], a language especially de-
signed to facilitate reusable conceptual model specifications
in conjunction with component implementations that can be
suitably annotated for verification. These ideas can be ex-
pressed, though to a limited extent, in other modeling, pro-
gramming language-dependent (e.g., JML [15, 14]) or inde-
pendent formalisms (e.g., Event-B[1,16] or Z [24]).

Concept Spanning_ Forest_Finder (
type Edge_Info,

evaluates Vertex_ Max

Def Weight (El Edge_1Info)

Integer;
N);

Type family Edge C Cart_Prod
u, v : N;
Label Edge_Info;
end;
exemplar E;
constraints
0 < E.u, E.v < Vertex_Max and
E.u # E.v;

Type family Graph_Holder C Cart_Prod
Graph & (Edge) ;
In_Insertion_Phase : B;
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Fig.1 A UML class diagram of the proposed layered, component-based architecture. Each layer is encircled by boxes drawn with solid lines.

end;
exemplar GH;
constraints
- GH.In_Insertion_Phase implies
Is_MSF (GH.Graph);
Operation Augment_with, Change_Phase,
Remove_an_MSF_Edge (..);

end Spanning_Forest_Finder;

Listing 1 A partial concept interface for the spanning forest finder

2.1.1 Mathematical modeling

Since the focus of this paper is on conceptual modeling,
we emphasize mostly the modeling and not the details of
specific operations or their implementations. In teasing out
a suitable mathematical model based on a graph structure,
first, we model the notion of an Edge as the cartesian prod-
uct (Cart_Prod) of natural numbers u, v, and a generic
type Edge_Info. The numbers u and v simply represent
‘tags’ for the vertices bookending the edge, while the weight
used in optimization is based on Edge_Info, and is some
application-dependent function of Weight supplied as a
parameter by the concept user at the time of instantiation.
The exemplar clause gives specifiers a handle with
which to refer to an arbitrary Edge, and can subsequently
use it to impose some constraints on the abstract type:
namely that the natural numbers forming the ‘ends’ of the
edge fall between 0 and Vertex_Max, and that they are in-

deed not equal—which, for the sake of simplicity, disallows
self loops in the resulting graphs.

With the notion of an Edge abstractly defined, we now
turn to defining a suitable model for the graph that takes into
consideration the aforementioned two-phase design consid-
erations of the component. Thus, we include in the Graph_—
Holder model not only the set of edges that make up the
graph (formulated as a member of &?(Edge)), but also a
boolean flag In_Insertion_Phase which indicates the
phase the machine is currently operating under: insertion
or extraction. The key constraints (i.e., conceptual invari-
ants) asserts via the Is_MSF predicate that when the finder
is not in the insertion phase, the graph it holds only contains
edges in a minimum spanning forest of the input graph. Of
course, this is just an abstraction: that such a component im-
plementation (detailed in this paper) can indeed compute the
MSF incrementally as and when edges are extracted—and
that implementation indeed needs an abstraction relation for
verification—is the topic of [23].

2.1.2 Concept interface design to provide functional and
performance flexibility

The interface operations for the concept—rather than be-
ing structured around a single large effect algorithm (such
as Find MSF, which under the hood would simply invoke
Prim or Kruskal’s MST finding algorithm)—are instead de-
signed to be “small effect” (incremental) in nature and as
such, are centered around the notion of a two phase machine.
That is, by repeatedly calling the Augment _with opera-
tion, clients are free to add the edges they are concerned
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with to the graph, and, when finished, can simply switch the
machine into extraction mode by invoking the Change_—
Phase operation then retrieve edges of a minimum span-
ning forest, one at a time, via the Remove_an MSF_Edge
operation. This approach offers the greatest amount of flex-
ibility to both clients (because they no longer have to pay to
compute an entire MSF in bulk if not needed for their ap-
plication — though they can still do so if they wish) as well
as implementers (because they can choose when and where
edge prioritization takes place). None of these implementa-
tion or usage possibilities affects the contracts or mathemat-
ical models.

2.2 Layer 2: Concepts for prioritizing and checking
connectivity

A greedy solution to the spanning forest finding problem
(due to Kruskal [11]) hinges on the ability to efficiently per-
form two tasks: (1) order edges with a weighting function
based on edge information and (2) test whether adding an
edge to the under-construction forest produces a cycle. In
devising a suitable solution for the optimization problem, we
seek other independent, reusable concepts that are useful—

not just for solving the spanning forest problem using Kruskal’s

approach—but those applicable to a whole class of connec-
tivity and prioritization problems. Such are the concepts ap-
pearing in layer two of the architecture in Figure 1. In this
section we give a high level overview of the conceptual mod-
els for describing these problems.

Definition Is_Lighter_Weight_Edge
(E1, E2 Edge) : B =
(Weight (E1) < Weight (E2));

Listing 2 A predicate that defines edge ordering in terms of the
Weight function.

To achieve the objective of ordering edges, a Kruskal
component implementation (in layer 2 of Figure 1) would
simply supply the Is_Lighter Weight _Edge definition
to the prioritizer concept interface appearing in listing 3.
Such a definition is naturally dependent on the Weight
function given to the spanning concept interface contract.

2.2.1 Prioritizing concept

Used to order the edges of the graph being augmented, the
interface contract for the prioritizer concept—a sketch of
which appears in listing 3—is parameterized by a generic

2 In terms of types, the < relation parameterizing the prioritizer
interface contract carries the highly general type schema: Entry x
Entry — B. And since Edge in this case is the concrete special-
ization of Entry, the Is_Lighter_Weight_Edge (having type
Edge x Edge — B) is perfectly acceptable from a type perspective

Entry (which in our case is specialized by the Edge type
model) in addition to a total binary preordering relation® <
which dictates how the edges should be ordered.

Concept Prioritizer Template (type Entry;

Max_Capacity Integer;

Def (x Entry) < (y
uses Multiset_Theory;

Entry) : B);

Type family Prioritizer C Cart_Prod
Entry_Tally FMSet (Entry) ;
Is_Accepting : B;

end;

exemplar P;

constraints

| |P.Entry_Tally] |
initialization
ensures P.Is_Accepting and
P.Entry_Tally = &;

< Max_Capacity;

Operation Add_Entry, Change_Phase,
Remove_a_Smallest (...);

end Prioritizer_Template;

Listing 3 A partial interface contract for the prioritizer concept

Like the spanning forest interface, the organization of
the prioritizer also conforms to the aforementioned machine
oriented design principle which lends similar advantages both
in terms of understandability and reuse, as well as imple-
mentation and performance flexibility, as discussed in sec-
tion2.1.2. 4

2.2.2 Mathematical modeling

Operating at the core of the prioritizer’s mathematical model
is a multiset (also sometimes referred to as a ‘bag’) with
relevant notions defined in the imported Multiset_The-
ory. The constraints in this case dictates that the car-
dinality of the Entry_Tally multiset do not exceed the
bounds given, while the initialization clause imme-
diately below simply states what can be expected by clients
when an instance of the Prioritizer is declared: namely
that it is accepting new entries, and that the ‘tallying’ field is
equal to the empty multiset, @—formally defined in Mul-
tiset_Theory.

3 Put another way, the prioritizer contract requires that the relation
supplied is total and transitive. It is also important to note that this
parameter is a mathematical definition, not an actual operation for or-
dering, which would be required to implement the concept and must
be supplied by prioritizer client.

4 Though the present application of the prioritizer concept for the
spanning forest finder only requires a change from insertion to extrac-
tion phase, the concept is more general and allows changing phases to
allow interleavings of entry insertions and extractions
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Fig. 2 An enriched perspective of layer 3 illustrating some alternative
implementations of the prioritizer concept.

Figure 2 enriches the original architectural diagram with
an additional view of the prioritizer concept, emphasizing its
many interchangeable (though functionally equivalent) im-
plementations. Among these is the heap-based component
implementation that is the topic of Section 4.1.

2.2.3 A coalesceable equivalence relation concept

While the ability to check connectivity is one particular prob-
lem in finding spanning forests, the more general concept
is one that captures arbitrary equivalences. Loosely speak-
ing, ‘objects’ begin unconnected in their own equivalence
classes, and adding a new equivalence between two objects
collapses their corresponding classes which might connect
them — leading to a cycle. The general concept to form and
maintain equivalence relations is the topic of listing 4.

Concept Coalesceable_Eqgv_Relation(
Max_Size Integer);

Type family Eq _Reln C
[1..Max_Size])
exemplar E;
constraints Is_Reflexive (E)
Is_Symmetric(E) and
Is_Transitive (E);

([1..Max_Size] X
— B;

and

initialization
ensures V x, y [1..Max_Size],
E(x, y) implies (x = y);

Operation Are_Equivalent,
Make_Equivalent (..);

end Coalesceable_Eqv_Relation;

Listing 4 A partial interface contract for an equivalence relation con-
cept

To ensure that instances of equivalence relation type con-
form with the mathematical modeling, the concept makes
use of several predicates from the Basic Binary Rela-

tion_Properties theory. Specifically, the constraints

ensure that the model is indeed reflexive (Vx.xpx), symmet-
ric (Vx,y.xpy = ypx), and transitive (Vx,y,z.xpy A ypz =
xpz), while the initialization clause ensures that all
indices are initially disjoint (in other words, that each ini-
tially inhabits its own equivalence class).

The set of core operations allow clients to either (1) form
an equivalence relation between two indices i and j via a
call to Make_Equivalent, (2) test whether i and j in-
habit the same equivalence class by calling Are_Equiv-
alent, or (3) reset all existing classes to their initial state
(thus deleting any and all relationships among the indices)
by invoking the Clear operation.

Once again, irrespective of the formal contract for the
concept laid out above, clients are free to implement it in any
number of efficient ways including (but not limited to) ap-
proaches utilizing the well-known ‘union by rank’ and ‘path
compression’ optimizations [6].

3 Component-based architecture layer three:
motivating the need for additional abstraction

Having detailed the concepts within the first two layers of
the solution architecture, in this section we motivate and
detail the spiral concept that underlies a heap-based com-
ponent implementation of the prioritizer, which appears in
Figure 2.

While the example concept is a specific one, the purpose
of this section is in elucidating the ideas in developing any
new concept using a new mathematical model, especially
developed to explain that concept. For this reason, this sec-
tion is quite detailed and begins with an informal explana-
tion to provide an intuitive understanding of the ideas, and
concludes with a formal presentation of both an interface
contract for the concept, as well as a concrete implemen-
tation suitable for automated verification. While the other
concepts in this paper could be further elaborated as well,
we refrain from doing so in the interest of keeping the dis-
cussion manageable.

The heap-based component implementation of a priori-
tizer in particular enjoys certain performance benefits over
the alternatives due to the complete binary tree-like structure
of heaps, which, when paired with a heap property® makes it

3> A property on heaps which ensures the root of any particular sub-
tree contains the smallest (or largest) element among its children
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Fig. 3 Two perspectives of an arity k = 2 spiral. Left is a top down (stovetop) perspective, while the right shows the same spiral from a different

(tower-like) perspective.

possible to access, delete, and insert elements efficiently [6].
Moreover, the choice of heap is particularly amenable to the
machine-oriented, incremental design of the prioritizer, as
each time a user calls Add_Entry, it can simply be added
to the top of the heap, then ‘trickled’ down into the correct
position based on the generic < relation passed—thus offset-
ting the need for a bulk sorting computation to take place in
Change_Modes.

From a component-based design perspective, the task of
implementing and authoring concise, readable (much less
automatically verifiable) formal contracts for a heap based
implementation of the prioritizer entails contending with one
of two relatively unattractive design options:

1. The first is to simply instantiate and use a binary tree—
thereby committing the implementation to explicitly keep
invariant (in terms of contracts and code) the required
balance and heap ordering properties, which is clearly
not preferable in terms of automation or ease of reason-
ing.

2. The second approach is to simply ‘fall back’ to the de-
facto, ‘textbook’ standard and use an array-based repre-
sentation of the heap. This however degrades two impor-
tant attributes:

— abstraction—one must map the notion of the tree onto
the raw indices of the array, which in turn compli-
cates the contracts and hence the overall reasoning
process.

— understandability—one of the primary advantages of
mathematical modeling is having an explicit, well
defined conceptual model to work with and write
contracts in terms of—this approach precludes these
benefits.

In other words, using the array directly is insufficient
from a conceptual modeling perspective, as it lacks a suit-
able conceptual veneer. In the remaining sections, we pro-

pose an alternative design that gives rise to a new reusable
concept that provides an additional layer of abstraction.

4 Model-based engineering of a new concept, Part 1: An
informal introduction the k-spiral concept

In place of the rooted tree conceptualization and its typical
raw-array based representation, the spiral concept employs
a system of linked locations, connected up in a spiral-like
configuration. Figure 3 illustrates an example spiral of arity
k =2 whose locations are labeled by greek letters and linked
together via arcs of the spiral starting from the fixed central
location, ¥, and terminating at the diamond shaped location.
Assuming the existence of a current location cursor—which
for illustration purposes we fix to start at y—conceptually
one can think of cursor traversal throughout the spiral in
three different ways including (1) a linear scan-through fol-
lowing the arcs of the spiral: 7,8,0,8,...,0, (2) vertically
along the directed links connecting one arc level to another:
Y, 8, B, and (3) combining the two for a cyclic style traversal
such as 7,4, 6.

Concept Spiral_ Template
(type Label;
k, Max_Length
Type family Spiral;
/+ is modeled by ... =/

Integer);

Oper Lengthen (S Spiral; e Label) ;

Oper Shorten (S Spiral; e Label) ;

Oper
Oper

Spiral_Out (S
Spiral_In (S

Spiral);
Spiral);

Oper Hop_Out (S Spiral);
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Oper Hop_In(S Spiral; e Integer);
Oper Move_to_End (S

Oper Move_to_Center (S

Spiral);
Spiral);

Oper Swap_Label (S
Oper Length_of (
S : Spiral_Pos):

Spiral; e Label) ;

Integer;

Oper Clear (S Spiral);
end Spiral_ Template;

Listing 5 Interface contract for a spiral concept.

An abbreviated, interface contract for the spiral concept in-
cluding a set of primary operations appears in listing 5. The
interface given is parameterized by a generic type, Label,
allowing the structure to store objects of an arbitrary type.
The k parameter specifies the desired arity of spirals pro-
duced by this concept (meaning how many ‘sub-locations’
are directly reachable from each location along the arcs)
while the Max_Length parameter serves as the upper bound
on the length spirals can have. The interface exports a sin-
gle type, Spiral—as introduced by the Type family
clause.

The core operations allow clients to add, remove, rela-
bel, and otherwise traverse over the locations that make up
the conceptual Spiral model. Figure 4 provides an illus-
tration of the various modifications these operations permit
on an example spiral S, such as building a spiral over suc-
cessive calls to Lengthen, or moving the current location
cursor either (1) linearly along the arcs (via ‘spiraling’ in-
/out) or (2) vertically (via ‘hopping’) from one radial arc
level to another.

4.1 Instantiating and using the spiral in a heap-based
prioritizer implementation

Like any other component in RESOLVE, before this partic-
ular concept can be used, it must first be instantiated via a
facility declaration, and provided with arguments matching
the formal interface parameters shown in listing 5.

Implementation Heap_TImpl (
Operation Is_GTR(x, y Entry) : B;
ensures Is_GTR = (& x x VY);
for Prioritizer_Template;

Facility Sp_Fac is Spiral_ Template
(Entry, 2, Max_Capacity);
implemented by Sp_Array_Impl;

Type family Prioritizer = Record

Heap Sp_Fac Spiral;
Accpt_Flag, Fully_ Ord_Flag Boolean;
end;

/+ An internal (private) operation =/
Oper Fully_Order (P Prioritizer);
ensures
Proc
Var i Integer;
If P.Fully Ord Flag = false then
Move_to_End(P.Heap) ;
Iterate
maintaining
When At_Center (P.Heap)
Hop_In (P.Heap, 1i);
Fix_Pos (P.Heap);
Repeat;
P.Fully_Ord_Flag := true;
end;
end Fully_Order;

do exit;

Proc Add_Entry(
P : Prioritizer; e Entry);
end Add_Entry
Proc Change_Phase (P Prioritizer);
If P.Accpt_Flag then
Fully_Order (P);
end;
P.Accpt_Flag := not P.Accpt_Flag;
end Change_Phase;

Proc Remove_a_Smallest (
P : Prioritizer; e
Shorten (P.Heap, e);
Move_to_Center (P.Heap);
Swap_Label (P.Heap, e);
Fix_Pos (P.Heap) ;
end Remove_a_Smallest;

Entry);

end Heap_Impl;

Listing 6 Instantiating the spiral concept in the context of (an
abridged) heap-based prioritizer component implementation.

In the context of a heap-based implementation of the
prioritizer—shown in listing 6, instantiation entails supply-
ing a label type (which in this case happens to be another
generic Entry), an arity k = 2, and the maximum possible
length spirals drawn from the facility can take on—in other
words, the number of entries the prioritizer concept itself is
capable of holding—denoted by Max_Capacity.
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Operation Call Sequence

Spiral State

Lengthen(S, x := ‘r’)
Lengthen(S, x := ‘e’)
Lengthen(S, x := ‘s’)
Lengthen(S, x := ‘0’)
Lengthen(S, x := ‘1")
Lengthen(S, x := ‘v’)
Lengthen(S, x := ‘e’)

Spiral_Out(S)
Spiral_Out(S)
Spiral_Out(S)

Spiral_Out(S)

Hop_In(S)
Hop_Out(S)
Spiral_Out(S)

Swap_Label(S, ‘h’)

Fig. 4 An 2-ary spiral built up via repeated calls to Lengthen, where S and x are of type Spiral and Character, respectively. The double-

circles indicate the position of the current location cursor.

Using the Sp_Fac facility declaration, which pairs the

each (arc) level we iteratively hop up to the location on the

interface of our conceptual spiral (Spiral_Template)with parenting (arc) level until we reach the root (center), each

an array-based implementation (Sp_Array_Impl), we pro-
grammatically represent the prioritizer model discussed in
section 2.2.2 as a record containing two fields: a spiral in-
stance Heap (drawn from the Sp_Fac facility) used in lieu
of an array, and two booleans: Accpt Flagand Fully_ -
Ord_Flag that are responsible for tracking which phase the
machine is currently operating under (extraction or inser-
tion) and whether or not the Heap conforms with the heap
property, respectively. The Heap field within the record can
be referenced (and modified) by any procedure in the imple-
mentation of the prioritizer so long as it has access to some
variable or parameter P of type Prioritizer.

Without needing to worry about the balance of the heap
(as Lengthen automatically preserves this), all logic for
maintaining the <-dependent heap property can be written

exclusively in terms of spiral operations. For example, Fully_

Order is an internal operation used to convert a (poten-
tially) non <-conformal P .Heap® into one that conforms
with this property. The code presented essentially performs
the same steps one would normally expect to see in the stan-
dard textbook implementation of such a routine: That is for

6 The . is reserved exclusively for program record (or mathematical
cartesian product) field accesses, while the ‘::” is used for facility (or
module level) scope accesses

time invoking the internal recursive operation Fix_Pos—
which is a spiral-based equivalent of the textbook ‘heapify’
routine [6].

5 Model-based engineering of a new concept, Part 2:
Mathematical developments for a new k-spiral theory

In order to specify formally the informal contract in the in-
terface listing 5 for the spiral concept, we first must define
a suitable mathematical model from a domain expressive
enough to capture the structure of the spiral itself and the
intended behavior of its operations, while remaining general
enough to permit reasoning about spirals of an arbitrary ar-
ity. Even with a mathematical framework meeting such cri-

_teria, overriding design concerns include readability, sim-

plicity, and the verifiability of the resultant contracts. This
mathematical development is the topic of 5.1.

5.1 k-spiral theory preliminaries
In order to write contracts for Spiral_Template, there

should be a well defined mathematical domain from which
to draw notations, facts, and results. While, in general, the
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need for new theories should be few and far between (as ex-
isting theories should be reused as much as possible), the
spiral example represents a compelling exercise in develop-
ing a new, generalized theory. Basic_Spiral_Theoryis
a mathematical unit for encapsulating a variety of develop-
ments ranging from definitions and theorems, to corollaries
useful in authoring succinct, readable contracts for the spi-
ral (or any other concept interfaces for that matter in need
of a complete k-ary graph like structure). In the interest of
maintaining a separation of concerns, proofs of these results
are relegated to a separate module that may be verified of-
fline using popular proof assistants such as Isabelle[18] or
PVS[20].

All functions needed to categorically describe the induc-
tive structure of k-spirals are encapsulated together by the
categorical definition in listing 7.7

Categorical Definition for
Sp_Loc : (k N?2) — sset,
Cen : (k N>2) — Sp_Loc (k),
SS, RS
(k : N22) - Sp_Loc (k) — Sp_Loc (k)
is Is_k_Spiral_Like
(Sp_Loc, Cen, SS, RS);

Listing 7 k-spiral functions encapsulated within the context of a cate-
gorical definition.

More than just a mechanism for bundling together var-
ious functions, the predicate following the is keyword al-
lows specifiers to relate these seemingly disparate pieces via
user defined predicates like Is_k_Spiral_Like—which
in this case is used to express the core axiomatic properties
of the mathematical structure being built.

While a full, formal explanation of this predicate is out-
side the scope of this paper, the definitions introduced in
listing 7 (and later passed into the predicate) form the basis
of the spiral structure, and can be read as follows:

— Spiral location (Sp-Loc): a function that, given some
suitable value of k, produces a location in the spiral. In-
tuitively the notion of a ‘spiral location’ can be thought
of as the circles in the spiral diagrams presented thus far
(such as that in Figure 3).

— Spiral center (Cen): the location representing the first,
central location of a given spiral.

— Spiral, radial successor (SS, RS): successor functions
that enable transition from location to location either
outwards (from the center) along the arcs (SS) or out-
wards across radial arc layers (RS).

Definition 1 (Spiral Center Distance)

SCD(p : Sp_Loc(k : N*2)) : N

7 In ascii, we represent the set N>2 with the following additional
binding: Def N2 : {n:N|n > 2}

The spiral center distance (SCD) of some location p is the
number of successor applications (SS) needed to reach p
from the center, proceeding outwards along the arcs.

Theorem Spl: V k NZ2, V p
SCD (p) < SCD (RS (k) (p));

Listing 8 An example theorem from k-spiral theory

Sp_Loc (k),

For illustration, an example of a theorem (or result) from
the theory is shown in listing 8. There are many others like
this one for use by automated verification systems.

Definition 2 (Inward Location)

N22))
P (Sp_Loc (k) )

Inward_loc (b Sp_Loc (k

The inward location of a given location b is defined to be
the set of locations ‘preceding’ b in the spiral — where a
location u is said to precede v if SCD(u) < SCD(v). Figure
5 illustrates an application of this function.

AR

Te L3

‘

Fig. 5 Applying Inward_Loc to the location labeled ‘.

Inward_Loc (@) =
-~ .

)] l"\‘: l/‘a\\l
e i an

Definition 3 (Radial Predecessor)

RP : (k : N?2) x Sp_Loc(k) — Sp_Loc (k)

Defined to be the complement of radial successor (RS) func-
tion in listing 7, this function produces a location’s ‘par-
ent’ situated one arc level inward—except for the center, in
which case RP(k)(Cen(k)) = Cen(k). In terms of the exam-
ple spiral in Figure 5, the radial predecessor of the location
labeled by ‘h’ is the location labeled ‘e’.

Definition 4 (In Sector of)

(g : Sp_Loc(k N>2)) In_Sect_of
(p : Sp_Loc(k)) : B

A location q is said to be in p’s sector if there exists some
n € N such that the radial predecessor function (RP) applied
n times from ¢ produces p.

6 Model-based engineering of a new concept, Part 3: A
formal interface contract and an implementation of
spirals

Having the spiral theory and its included definitions at our
disposal, a formal interface contract (originally outlined in
listing 5) for a spiral concept is given in Figure 6.



10

Daniel Welch, Murali Sitaraman

Concept Spiral_Template (
type Label; evaluates k,
Max_Length Integer) ;

uses ..., Basic_Spiral_Theory;
requires k > 2 and Max_Length > 0
which _entails k N>Z;
Type family Spiral C Cart_Prod
Lab : Sp_Loc (k) — Label;
Curr_Loc, Trmnl_Loc Sp_Loc (k) ;
end;
exemplar S;
constraints

SCD (S.Trmnl_Loc) < Max_Length and
S.Curr_Loc € Inward_Loc(S.Trmnl_Loc) and
S.Lab(S.Trmnl_Loc) = Label.base_point and
S.Lab[Sp_Loc (k) ~ Inward_Loc(S.Trmnl_Loc)] =
{Label .base_point}
initialization
ensures S.Trmnl_Loc = Cen(k);

Operation Lengthen (

updates S Spiral;

alters e Label) ;

requires SCD (S.Trmnl_Loc) < Max_Length;
ensures S.Trmnl_Loc =

SS (k) (#S.Trmnl_Loc) and

S.Lab = #S.Lab except
S.Lab (#S.Trmnl_Loc) = #e;

Operation Spiral_Out (
updates S Spiral);
requires SS (k) (S.Curr_Loc) €
Inward_Loc (S.Trmnl_Loc);
ensures S.Curr_Loc = SS(k) (#S.Curr_Loc);

Operation Hop_Out (updates S
requires RS (k) (S.Curr_Loc) €
Inward_Loc (S.Trmnl_Loc);
ensures S.Curr_Loc = RS(k) (#S.Curr_Loc);

Spiral);

Operation Move_to_End (updates S Spiral);
ensures S.Curr_Loc = #S.Trmnl_Loc;

end Spiral_Template;

Implementation Sp_Array_Impl
for Spiral_Template;

Type Spiral = Record

Labl Array 0..Max_Length - 1 of Label;
Length, Curr_Place Integer;

end;

convention

0 < S.Curr_Place and
S.Curr_Place < S.Length and
S.Length < Max_Length
which_entails
S.Curr_Place, S.Length : N;

Correspondence
conc.S.Trmnl_Loc = SS(k)S-en9th (Cen(k)) and
conc.S.Curr_Loc = SS(k)S-Curr-Place (cen(k)) and

Aq : Sp_Loc(k).
S.Labl(SCD(q)) if SCD(qg) + 1< S.Length
Label .base_point otherwise;

’

Procedure Lengthen (
updates S Spiral;
alters e Label) ;
S.Labl[S.Length] :=: e;
S.Length := S.Length + 1;
end Lengthen;

Procedure Spiral_Out (

updates S Spiral);
S.Curr_Place := S.Curr_Place + 1;
end Spiral_Out;
Procedure Hop_Out (
updates S Spiral);
S.Curr_Place := k % S.Curr_Place + 1;

end Hop_Out;

Procedure Move_to_End (
updates S Spiral);
S.Curr_Place := S.Length;
end Move_to_End;

end Sp_Array_Impl;

Fig. 6 A complete formalized spiral interface contract (left) and an array-based implementation (right).

6.1 Formalizing the concept

The spiral type is modeled mathematically as the cartesian
product of three fields: A labeling function Lab, and two
distinguished locations: Curr_Loc and Trmnl_Loc that
point to a current and last location in the spiral, respectively.
The four constraints on this particular model (split in
order of the conjuncts, from first to last) are summarized as
follows:

— The spiral center distance of the last location is within
the bounds of Max_Length.

— The current location is included in the inward location
set of the terminal location.

— The Label of the terminal location is of type base_-
point: a special type in the language indicating that
any value of type Label is permitted, including, of course
its initial value.

— All spiral locations outside of the current spiral (of which
there are infinitely many) map to Labe 1l.base_point.
The square bracket notation ([ . .]) employed on this
last conjunct represents generalized function application
over some collection—in this case, the locations making
up the domain of the labeling function.

The initialization clause, which concludes the dec-
laration of the Spiral model, ensures that new instances
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of the type are initialized with their terminal location refer-
encing the center.

The most notable addition (syntactically speaking) to the
specification of interface operations is the addition of pa-
rameter modes. These are intended to indicate to clients the
purpose and use of parameters. Specifically, the evalu-
ates mode parameter specifies that an expression is ex-
pected. An updates parameter mode is affected as stated
in the operation’s contract. Whereas the output value of an
alters mode parameter is unspecified (to avoid over spec-
ification), the input value of a replaces mode parameter
is ignored, because it would be overridden. The restores
mode is a shorthand for ensuring that value is not modified
by the operation, and finally the clears mode indicates
that the parameter is initialized.

Each operation is annotated with an optional requires
clause and an ensures clause. The former is a caller re-
sponsibility and it indicates what must be true in order for
the operation to be called. The latter is an implementor’s re-
sponsibility, and it states what will be guaranteed after the
call terminates.

For example, the Lengthen operation requires that
the spiral ‘has room’ for another location, and ensures the
following:

1. The new (outgoing) terminal location is the successor of
the #-denoted incoming terminal location (#S . Trmnl _—
Loc).

2. The labeling function S.Lab remains the same, except
at #S. Trmnl_Loc—which now maps to the new, user
provided label: #e.

6.2 Formalizing an implementation

As with the prioritizer, we represent our Spiral program-
matically as a record containing an array Labl that holds
the various Label objects inserted, a Length field that
keeps a count of the number of items currently inserted, and
a Curr_Place that maintains a current-location cursor into
the Labl array. And while this is indeed one means of rep-
resenting the spiral, it’s worth noting that there are many
alternative designs one could choose from, such as a pointer
based implementation [12]—as suggested in Figure 2.

Two assertions are used to document implementations
that provide type representations to aid programmers and
automated verification systems.

The convention assertion is a representation invari-
ant on the Spiral type. It may be assumed before the
code for every (external) operation (except initialization),
and must hold at the end of each such code (except final-
ization). In this case the convention is used to assert that
the current place and length markers, declared in the record,

are within bounds (as these are frequently used to index into
the Labl array).

The correspondence assertion—also referred to as
an abstraction function (or relation)—is used to connect the
details of our programmatic representation of the Spiral
to its mathematical model defined in its interface contract.
For instance we ‘connect’ the conceptual (conc) notion of
a Curr_Loc to the programmatic Curr_Place one by en-
coding the relationship between the two in terms of counting
spiral successor applications.

With the formal contracts concluded, all that remains is
the implementation of each procedure. One aspect of the im-
plementation worthy of note is the use of builtin language
features such as the swap operator, : =: (designed to miti-
gate the effects of aliasing [9] and reduce the cost of copying
large, generic structures). Use of features such as these, cou-
pled with the brevity and simplicity of the implementation
itself makes the above component assembly a compelling
target for automated verification efforts.

The interface contracts and component implementations
in this paper have been already developed using in devel-
opment version of the RESOLVE compiler and IDE (built
on top of the Jetbrain’s platform®), screenshots of which ap-
pear in Figure 7. While the implementations in this paper
have not been verified, a variety of other component imple-
mentations have been verified [22,5,27].

7 Related work and summary

The work described in this paper falls largely into the ex-
isting (and rapidly growing) body of work in the realm of
model-based engineering (MBE) and component based model
engineering (CBME). The rapid growth of these areas can be
attributed to the ever increasing complexity of engineering
correct software systems, and the inability of existing soft-
ware engineering development practices and languages to
cope with such complexity [21]. As such, many languages
and tools have been developed to create and compose mod-
els that allow specifiers to rapidly prototype, scale, trans-
form [8], and formalize [2, 17] model-based systems at higher
levels of abstraction, thus easing creation, validation, and
long term maintenance.

The Architecture Analysis and Design Language (AADL)
is an Eclipse-based (OSATE) toolchain [7] and associated
language used for developing architectural models capable
of capturing both the static structure and dynamic runtime
characteristics of large and small, embedded and realtime
systems. The language supports modeling at various levels
of granularity (system, thread, process, subprogram), through-
out the software lifecycle, and from a variety of different
viewpoints and perspectives. To give the language a certain

8 https://www.jetbrains.com/
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Fig. 7 A screenshot of Spiral_Template (left) and Basic_Spiral_Theory (right) using an in development editor for the language built

for Jetbrain’s IDEs

amount of adaptability and flexibility, the core language is
made extensible through the notion ‘annex’s’ which permit
additional languages to be layered on top of core AADL
code.

While not included in the core AADL syntax, functional
contracts and contextual assumptions for interfaces in AADL
(ones comparable to sort presented in this paper) can be ex-
pressed through annexes containing contracts written in lan-
guages such as BLESS (Behavior Language for Embedded
Systems with Software) [13] and AGREE (Assume Guaran-
tee Reasoning Environment) [4], among others [19]. Each
of these methods employs model checking to ensure com-
ponent behavior meets the annotations described, and also
allows for certain consistency/property checks to take place
within the architecture itself (e.g. “all connections have an
associated latency”).

Other research, focused more on the actual methodol-
ogy behind producing reliable and predictable software be-
ginning with requirements, such as rCOS [10], rely on the
use of models and interface contracts (namely pre-post con-
ditions on ports), as a mechanism for taming complexity in
not only mission-critical projects, but also those “complex
enough to benefit from usage of tools.” To remain widely ap-
plicable, rCOS interfaces can be derived and constructed for
all phases of development, and (like AADL) from different
levels of granularity and for different concerns (e.g. speci-
fying static structure vs. the dynamic behavior). Verification
of the requirement models is performed using prototyping
tools (e.g. [25]), while liveness and safety properties for ac-

tual components are turned over to related model checking
tools [3].

In summary, this paper has presented a comprehensive
case study that is at the intersection of model-based and
component-based software engineering. Using illustrative con-
crete example applications in the case study, the paper has
motivated the development of a variety of reusable concepts,
each with its own mathematical modeling to drive the inter-
face contracts and alternative component implementations.
While we have indeed developed relevant theories to de-
scribe the mathematical models, formal contracts, and mul-
tiple component implementations for all concepts discussed
in the paper, we have described details for one concept to il-
lustrate the issues in developing models, contracts, and com-
ponent implementations. While we have automatically veri-
fied a number of component implementations, modular ver-
ification of the ones presented in this paper remain a work in
progress. As such, the theories and concepts will no doubt
need to undergo further formalization and development to
ultimately facilitate automation.
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